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NATIONAL ADVIEOR! OONMITTER FOR ARRONAUTIOS

I ADVANOS- BSSTEIOTED REPORT. _ ...

A MBTHOD OF CALOULATING BENDING STRESSES DUE TO TORSION

r . By Paul Kuhn
SUMMARY

A method 1s described for analysing bending strosses

~due to torsion in & box with variable cross section and

loading by means of a recurrence formula leading to a set

of equations ldentical in form with the well-known three-

moment equatlons. Formulas are given to deal with specilal
features such as full-width cut-outs and oarry-through
bays. In conoluslon, an erpproximate form of the general
method of analysis 1s presented that eliminates the need
of solving a system of equations. The simplified method
1s sufficlently accurate for most requirements of practi-
cal stress enalysle and may be applisd without knowledge
of the general method. XNumerical examples i1llustrate all
procedures.

INTRODUCTION

The baslio strength element of many wings 1s A box of
approximately rectangular oross sectlon. When such a box
18 loaded by torques, the walls are subjected to shear
stresses that can be emslculated by the well-known formula
for shells in torelon. In additlon to the primery system
of shear stresses, locallged systems of secondary stresses
are sot up in the viecinity of concentrated torques and of
discontinuitiae of the cross-sectlonal dimensions. These
socondary stress systems are froquently roeferred to ase
bonding stresscs duo to torslon, because thelr rosultants
Aro bonding moments in the planes o0f the walls, accompa-
nied by the shear forceos necessary to ocause spanwlse vari-
ntlons of the bending moments.

In actunl wing structures, the spanwise variations
of loading and of cross-sectional dimensions cannot be
reprosontod very - -well by simple mathomatical expresslons.
Goneral mothods of calculating bhending stresses due to
torslon thoroefore use the famliliar procedure of dividing
the box into bays such that the cross-sectional dimensions




and the torquos may be assumed constant withlin each day.
The foundmtlon for such genoral methods was laid by Ebner
in a comprehensive paper (reference 1); subsequent authors
have followed Ebner's lead more or less cloamely..

Numerlcal calculations made by Ebner and others lead
to the conclusion that bendlng stresses due to torsion
are of practlcal l1mportance only when the dlscontinulties
of the loadlng or of the dimenslons are very marked. The
distributlion of the loanding and the dlmenslons of the
cross sections At n élstance from the dlacontlnulty have
only n neglliglble influence on the stresses At the dle~
continulty., Advantage ocould be taken of these facts to.
reduce the numerliecsal work requlred for estimating the max-
Imum stresses in the vicinity of major dliscontlnulties 1f
formulas were avallableo free of Bbnor's assumption that
no ribs oxlst within a bay. Such formulas Aaro devoloped
in this paper by a mothod that comblnoe parts of the meth-
ods of Ebner (reforenco 1), Relesnor (reference 2), and
Grzedziolskl (roforonco 3).

Tor tho final stross Analysis 1t may be dosirable to
divido tho boam into short bays; numorical difflcultlios may
thon bo cncountorod in tho applicntion of tho formulas.
Parallol formulas aro dorivod, thoroforo, basod on the as-
sunmption that the baye aro very short. Thls assumptilon
londs to tho same rosults as tho assumption that no ribde
oxist withln the bays, which 1s Ebnor's baslc mssumption,
nnd tho formulas roprosont a special caso of Ebnor's
thoory.

LNALISIE OF A BOX WITHOUT CUT-OUTS

Gonoral Considorations

Synopeis of problem and procedure.- The problem to be
investlignted mnay be stanted as follows: Glven a box beam
such as shown 1n figure 1 subjected to the actlon of
torques concentrated st certaln bulkheads, find the stress-
eg caused by the torques.

The croes sectlions are assumed to be rectangular and
doubly syumetrical., The shaves of the cross sectlons Aare
assumed to be malntmined by ribs or bulkhesmds rigld 1in
thelr own planes. The derivation of the formulps 1s facil-
1t~ted sormowhnt 1f the actual croes sectlions of the box
pre tronsformed into simplified cross sectlons of the type
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shown in -figure 2., . .The walls of the:gimplified sectiens
are assumed to carry only shenr stresses T, the gorner
flanges only normal stresses o. The transformation im-
Ppliss no assumptions other than standard onese on stress
distribution and is discussed in tho appendix.

The box boam under torque loades 1s a statlically inde-
terminate structure. 4 stantionlly determinate strucgture -
1s obtainod by outting the redundant memboers at the sta-
tions where the torques are applied@ and where the, dimens
slons of the croses section ohange, thus dividing the box
into a number of bays. The four flanges are chosen as re-—
dundant membere in accordance with Ebner's method (refer-
ence 1), TFor remsons of statlo equilidbrium, the redundnnt
forces form g doubly anntisymmetrical group of four forces
X at each station (fig. 3). Under the aotion of the
torques T and the foroes X, ench iandividual bay de-
forms as indiocated by the dashed lines in figure 3; the
magnitudes of the forces X nre calculated by the princi-
Ple of oonsistont deformations of adjacent bays.

Two sets of formulas =re glven for the stresses in
and the deformations of an indlvidual bay. The first sot
1g bnsed on assumption A +that no intermediate ridbs ex-
1st within the bay; the second set 1s based on assumption
B that closely spaced intermediate ribs exist within the
brny. The formulae obtanined under assumption B are more
genernl nnd reduce to the corresponding formulas obtained
under mssumption A in the limit as a characteristic
parameter KXa appenring in the formuless approanches gero.
The rpproximate method of anmlyeis described at the end
of the peper 1s based on assumption B.

Sign conventiong snd notstione.- Bxternnl torques T
are positive when moting clookwise viewed from the tip.
Forces X are positive when moting in tho directions
shown in figure 3. Ohear stroessos T Aare positive when

"actlng in the directlon of shenr stroeses oaused by posli~

tive torques., Normal stresses O nre positive when
ecausod by positive X.-forcos. Tho warping deformations w
aro positive in the directions indioatod by the dashed
linoe 1n figure 3, that 1s, in the directions of Positivo
X-forcos acting on the outboard ends of the bays.

A .coordinate =x 1is noodod only for formulas dealing
with an individual bay. Tho origin 1s taken At the out-
bonrd end of the bay under oomeideration (fig. 3). .



Bays and stations aro numbered as shown in figure 4.
Buporscripts 1dentify tho force causing the stress or the
doformation whonever dofinite idontification 1s desiramdlo.
SBubscripte 1 and 5 donote the inboard and outboard
ends, respechtively.

"Stresses 1n an Individual Bay

Each individual bay is acted upon by three independ-
ent sets of loads: a.-torque T on each end, a group of
foroces xi at the inboard end, and a group of forces X,

gt the outboard end. TFormulas wlll be glven for the

gstresses caused by each load individually; the final

stresses are obtalned 1ln each case by superposing the
stresses caused by .the three sets of loads.

Stresses caused by torgue.- The shear stresses set up
by the torque acting on a glven bay are glven by the fa-
miliaer formule for ehells in torsion and are, with the no-
tatlon of figure 2,

T 9
T =
® " 2boty
r (1)
__®
Te = 2bot, |,
J

The Z“ormulas are valld for bays wilithout intermediate ribds
(assumption A) as well as for bays with intermedimte ribs
(assumption B). No stresses O are set up in the flanges
wvhoen a2 bay 1s loaded by pure torques.

: Stresses caugsed hy X-forces in a bay without interme-
diate ribg.~ A group of X-forcos acting on one end-of a
bey sets up normal stresses o 1in the flanges and shear
streeses T 1in the walls, The slgn conventlon adopted
makes 1t necessary to distingulsh a group X; applied at
the 1nboard end and a group X appiled at the outboard
end of the bday.

In e tay wilthout intermediste bulkhcads, the shear
stressos cansed by an X-group ocannot vary spanwlse bo-
causo spapulise varletlons of the shoar strees ln a bay
" can bo effoctod only by bulkheads transferring shear
strossos from one palr of walls to the other pair. The
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shear ‘streeses Yelng constanmt, -the—flange forces vary
lincarly along the bay (fig. 5), and tho flango strosses
caused by 'an indboard group and by an outboard group of X-
forces are glven, rospectively, by the formulas

o= E%i- (2)

The rchear stresses are obtained by applylng two equations
of equilibrium, The condition XT = 0 applicable to any
eross sectlion of the dbay gilves

Tptpbo + Totgbe = O (4)

The condition XX = 0 applied to a flange acted upon by
an X-force at the 1inboard end glves

X4 + Tptpa - Totea = O (5)
The combination of equations (4) and (5) yields the result
Ty = -Xi/2aty

(s)
TO = xi/zatc

¥hen the forces X are applied at the outboard end of the
bay, the stresses are

. Ty = Xof2aby
(7)
‘l'c = —IOIZatc
Streyses cpuseéd by X-ﬁg;ggg in s bay with intermediste

ribp.~ In g bay with intermedlate ribs, the shear atrees
varies spanwlse (fig. 6). The equation of equilidrium
ZX = 0 for the flange must therefore be written in the
form

do ;
4 iz + Tpty - Tty =0 (8)

which ylelds on differentigtion




as ar aT
dx dx . dx

The shear strains of the walls are obtained by adding the
strains caused by twisting sand the straine caused by warp-
ing., If © denotes the angle of twist,

c 46 2w

Yp = + 2 dx 3
(10)

'Y =+_b..d..ﬁ_._2_"

< 2 dx c

Elimination of %% from squation (10), differsntiation,

and multiplication by the shear modulus G gives

ar ar a
P —b & . g3 ¥ (11)
dx dx dx

Now %i =~% by fundamental definition, where E 1is

Young's modulus, and T t, = -~ Tyt by equatlion (4). Sudb-

stitution of these expressions in equation (11) and then
in equation (9) yields the differential esquation

d%co © 8GO
= 0 (12)
ax®  AE(b/ty + c/tg)

With the boundary conditions o =0 at x = 0 and

0 =X/Ay at x = a, valid for an X-group acting at the
inboard end of the bay, the solution of the differential
equation 1is '

X3 sinh Kx
o = 13
A sinh Kg (13)

and by anelogy for an X-group at the outboard end

Xo sinh X(a-x)

o = (14)
A sinh Xa
where the parameter K 1s defined by the esquation
G
2 8 (15)

= IE(v/ty + oftg)
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The shear stresses caused by an X-group acting on the bay

" mey ‘'now be ‘found by--sudbstituting the walue of o given by

formula (13) 'or (14) in formulas (8) and (4); they are

X4K cosh Kx |

Ty = - zt;fiinh Ka ' _ _
> - (16)
T = X3K cosh Kx :
¢ 2%, sinh Ka
7. = %ok cosh K(a-x) ]
b 2ty sinh Ea
> (17)
. X K cosh K(a-x)
e = -
2tc sinh Ka J

Deformations of an Individual Bay

Principle of calculation.- Under the action of the
torquos and of the grcaps of X-forces, tho end cross sec-
tlons of an individunl bay werp out of tholr oririnal
plaros (fisx, Z). To> mprnitude w of tho warping will be
calzsuaiated by vao mothod varlously called method of inter-
nal work, meticld of dummy unit lorniing, method of virtual
work, ete, Tkie method invelvos tkroc operations: First,
the ntrossve 0 and T caused by tho apwvllied loads Are
canlculated. ©Sccond, a force or a eystom of forces U
(unit forco) is appliod 1in the Qirescsion ﬁf tho deforma- .
ticn sought, and tho cgtresses O and T causod by the
forco U are calculated. Third, the deformation is cal-~
culated by tho principle that the extoeranal work dono by
tho unit forco musgt equal the intornal enorgy stored by
virtue of the existence of the unit force; thilis principle
1s statod 1n tho egquntion

IUw =h/t/t/h$%5 av +t/C/CfPI%E av (18)

where V 1g the volumo of the stressed material; the sum-
nation sign deslgnates that U may be a group of forces,




'The warping of a cross section 1s doudly antisymmet-
rical (fig. 3). The dummy unit loadings employed in this
particular problem consist therefore of doubly antisymmet—
rical groups of four firces U seimilar to the X-groups
chosen as the redundancies of the statlcally indeterminate
system. The stresses caused by the dummy unit lomds U
can therefore be calculated by the formulmas for stresses
crused by X-forces: cerre must bs taken, however, to use
the slgne 1n mgreement with the sign conventicns.

¥arping cauped by torque.- The stresses caused dy n

toroue T nacting on A bny sre by equmtion (1)

1
o=0
T
= 19
Ty 2'bot-b$ (19)
_ _T
Te = Zvet,

In ordor %o compute the werping ot the outbomrd end of tho
bpy, = dusny unilt load oconsisting of four foreoce U 1is
introducod st the outbceard ond. Under thoe mssumption that
no intormodiate ridbs oxist in tho bay, tho strosses ¢
and ¢ caused by these U-fecrces can be computed by sub-
stituting U for X, 1in formulas (3) and (7). The results
are

=

o = Ula-x)
Aa
TyU = U/2aty » (20)
. .
Ty = U/Zath

The expressions for o, T, GU. and TU given by formulas

(19) and (30) =re now substituted in equation (18) and
glve

TR o U
4Uw, = z‘/p T Bboty aty DPbex | .

x=0
x=8

1t ( U )
1 - ctedx
* 3_]/’ G 2bot, \ Baty,/ °©

x=0




L=302

""" which yleide én 1nfegration © - e

Tl oy T = —2_ (2. _ _2_) 1
-'q ( o= y?) 5650 Ty tc (21)

This derlvation of the formula was given for the specifle
case of warplng st the outboard end of a bay without 1n-
termediate ribs. The formuls 1s not restricted to thise
case, however; 1t applies to bays without or with interme-
diate ribs, and it gives the warping at the inboard end as
well as at the outboard end. This fact can be verified
easlly by substltuting the proper stresses T in equa~-
tion (18) and integrating; 1t can alash be deduced direatly
from the fact that the shear stresses caused by a torquo
are not affected by lntormocdiate ribs.

¥arpin X-— .~ Tho warpiné at the out-

board end of a bay caused by an X-group ncting at the out-
beard end may be writtem in the form
v, = pX, (22)

where the coefficient p 18 obtalned by aprlylng equation
(18) in the form ;

X=a ' "
. ooV T T
4Uw, = 4 v R /P 2D bty ax

£&0 x=0

By substlituting in this equation the froper formulas for .
the stresses and integrating, the coeffiecient p 1is found
to be, for a bay without intermediate ribs,

a 1 ( b o
—_— e e ([ — i — 3
P " 3aE 7 86 \tp  t, ' S

and, for a bay with lntermediate ribdvs,




2KAY sinh? X

+ K (}oth Ea + ——55——ff 2 . 9
166 sinh?® Ka/ \tb T,

= coth Ka
EAR

p=—— (coth Ea - -Ei-—-j) -
a

(24

The warplng at the imnboard end caused by an X—-group at the
inboard end is

wy = -pX, (25)

where p 18 given by expression (22) or (24), as the case
may be,

The warping at the-inboard end of a bay caused by an
X—-group acting at the outboard .end of the bay may be writ-
ten in the form

w, = qxo (26)

By substituting the proper stress formulas in equation (18)
anl integrating, the coefficlont q 1s found to be, for
a bay without intermedlate ribs,

= a 1 b c
= - + —_—
d 6AE = 806a (tb T3 ) (27)

and, for a bay with intermediate ribs,

e 1 _ 1 + Ka_cosh Ka
2KAR ginh Ea sinh® Ka

+ E 1 + Za cosh Ea /v . ¢
16G \sinh Ka 8inh?® Ka ty te

1
EAE sinh Ka

(28)

The warping at the outboard end of a bay causei by an
X-group acting at the inboard end 1s given by the oxpres—
sion

Yo = —aXy (29)
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The general formula (24) for .a bay with many ribse re-

"-Uced t6 the speclal formuleg (33)-for a bay. without: in-

termedliate ribs in the limit when the parameter Ka ap-
iroachea gero. Similarly, formula (28 reduces to formula
27) when KXa approaches gero., When the paraméter Ka

.becomes very large, formulas (24) and (38) eimplify to

= —it E (L JL) 1 3
P = 2xaE T Teo (tb *v.)"mw . GO

Tormulas (30) and (31) are sufficlently accurateé for most
practical purposes when KXKa > 6 and may be used ae approx-—
imaticae vhen Xa > 3. - .

In crder tc éimplify tho numerical evaluwatlon of for-.
mulas (24) and (28), they may be written in the form

- a 1 /b o ' '

=" 4 <__ + —-> oo (32)
3AE 8Gn \ty = tg ,

l - _ 8 ' 1l sb. .o Dé . 33

1 sz ° * Gea (tb * tc> (38)

The coofficlents C!', C", D', and D" gare given in flgure 7.

Recurrence Formula for the Calculation of X-Forces

Dexlvatlon of recurrence formula.~ According to the
principle of conciasatent deformations, the warping at the

inboard end of one bay must be equal to the warplng of the
adjacont outbhoard end of the next bay. The warplang at
the lnboard end of bay n, that 1s, at statlon n, equals

bl = *nT - Pp¥p + @n¥n_a - (34)

ny

In this expreeslion, the subsoripte n and (n-1) of the
forces X deslgnoate the statlons at which the forces act,
whereas the subscript n of w, p, and q designates the
bay under consideration. The warpling at the outboard end
of bay n+1 equals ’
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. P )
'(n+1)° T Vel tP = 1 N (35)

Bquating formulas (34) and (35) and rearranging the terms
ylelds the recurrence formula

q-n xn—l = (Pn + Pn.'.l)xn + qn+1 xn+1 = —wnT e wn+1T (36)

By giving n successlve values from n =1 to n=r,
there 18 obtalned a set of equatlions, each of whilich con-
talns three of the redundant force groups X, There 1is

one equation for each statlon except station O at the tip.

Boundary conditions.- The tip of a box beam 1s normally

free from axisl loads or restraints; the forces X at the
tip are therefore zero, and the first equatlon of the sys~
tem 18

- (py + pz) X3 + qa¥5 = -w,T + wgT (37)

Whon a beam 1s attached to a rigld foundation (fig. 1),

the foundation may be considered a bay (r + 1) having in-
finito shear stiffness and infinlte axlal stiffness, there-
fore

v = 0

T _ -
r+1 = Prii T Qr4a
and the last equatlion of the system becomes

X - p X, = ww.T (38)
Ay “r-1 =~ Prir ¥r

The condition of a rigid foundation may exist in a practl-
cal structure by virtue of symmetry (fig. 8).

The torque reaction is frequently located at a dis-
tance 4 from the plane of symmetry (fig. 9), and the
forces X, are transmitted from the root of ¢ne wing to
the root of the opposlte wing by carry-through membors
having axlal stiffnesses AE., The last oquation of the
system for thls caso can be writton by 1lnspoection as

= . = -w T
UWXps Pr xr = ~Yr (39)

where 2
p.' =9 +I'.‘!-—' (40)
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"YU T  ARKLYSIE OF A BOX WITH PULLLWIDTE OUT-OUTS
Genernl considerations.~ In actual box bdeams, full-

wldth cut-vute are often necessary (fig. 10). If the reglon .
of the out-out 1s considered A bay and 1f the standard pro-
cedure 1s used for rendering the structure statiecally de-
terminate by ocutting each flange art each station, 1t will

be found that the remalning structure 1s 1lrncapable of car-~
rying lond. The cut-out region can transmit torque only by

‘two-gpar or beam aotion of the two active walle. (The wall

opposlte the out-out 1lg 1nactlve beomuse 1%t oan carry no
shoAr loade for reasons of static equilibrium.) Beam astion
requires aotive participation of the flanges; 1t is there-
fore not permlaselble to out them at.beth endes of the cut-~
out reglon, and the prooeduro 'of rendering the structuro
doterminato must bo modifiod, The modification oonsists in
combining the cut-out reglon with the adjolning completse

box sectlon @lther on tho inboard eide or on the outboard
8ido into a combination bay (fig. 11) and cutting the flanges
at the ends of the combination bay. 4s indicatod by flgure
1l, a combination bay will bo termod "type I" when the two-
spar part 1ls outboard and type Il when tho two-spar part 1s
inboard.

Stresges and deformgtiong of a combination bay, typs I.w
In the two-spar part of a combinatlion bay of typse I (fig.
11), the streeses are found by statiqe and are given by the
equations

xT X .
-+ 20 f(41)
o = ITe Y (C to D)
m .
T = : C to D
¢ = Totg ( o D) (42)

The formulas for the etresses ln the box part of a
conblnation bay and for the warpling of the entire bay de-
pend on the conetructlion of the box part and wilill be given
as before under assumptlion A (only end bulkheads exlst)
and asesumption B (many intermediate ribe exist). Under
assumption A, the formulas for the streseee are

Tg b WY x xX
o = ——— =0 e = —!‘-
e (} a.) = (D to B) (43)
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T a Xy X

T o= —— + =)+ - ‘ D B

™ T Zvéty @ a) Zaty  2aty LR L S
T d Xo Xy .

Te = Zhov, (? - E) " Zat, T Zat, RERTCER) (5)

Under assumption B, tke formulas for the stresses are

T4 X sinh K(a-x) X, sinh Kx
g = -__+_2> #2282 T (p 4o E) (46)
Abe A sinh Kg A Binh Kg
T. cosh X(a-x IOK cosh K(g-x)
T-b = 1 + Ka +
2bety, sinh Ka _ 2ty sinh Ka

N XLK cosh Kx

D to & 47
2ty einh Ka S St

T '1 X cosh K(a—xY] X,E.cosh K(a-x)
¢~ 2beot, l_ einh Ka |  2t, sinh Xa

XiK cosh Kx

— e = D to E 8
+ 2t, sinh Ka ( D (467

The formulas for thawarping of a comblnation bay may be
written in a general form valid under assumption A as well
es under assunption B by using the coeifleients p and
q previously introduced. Warplng caused by torque 1s
g£1ven by the formulas

o o T4 my2
= + — 9
Yo Yo P e T ZbohE (49)
wiT = wl + q Id (50)

c

The quantity w' 1s calculated by formula (21). The co-
efficlents p and q are calculated for the box part of
the combination bay by thoe proper formula for assumption
A or 3B, as the case may be, The terms with p and ¢
in formulas (49) and (50) arise from the fact that the
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torque applied at the two-spar end oreates an X-group hav-
1ig a magnitude Td/bc at the Junotion between the two~

.spar part.aend the box part. The last term 1in formula (49)

repreeents the deformation of the flanges in the two-spar
part; the valués of A mand B should, therefore, be un-
derstood to be the average values in the_tvo-apar region.

Tho formulas for warping ocaunesd by X-~groups are
w, = p'X, - aXy (61)
v, = ¢X, - pX, (53)

whore p' 1s givon by formula (40).

Strogpop and deformatlons of n comblnatlon bay, type
II.- For a combinntion bay of type II (fig, 11), tho for-
mulae for shear etressoe mro the same as for a bay of
typo I. The formulae for flange streesoe and for warping
aro repleaced by tho followlng formulae:

g x Xy .
L] Xi> x X, ( x)
- (- s ti) o= (0 to D) (54)
Td Xi) einh Kx X, sinh K(a-x)
( Avc A / sinh Kn A sinh Xna (0 %o D) (55)
w =Wl 4+ g ld a (56)
. lo bc -
.. p p 4 mg° :
. ' Wi .=z W + p -.B-E o+ 5boLE (57)
i wo_.a '_pxc" - q_xi . (58)
vy = X, - p'X, - (59)

dodifications of the roeurronge formula.- Tho partic-

. ular nnrturo of n comblnation day makoe it nocoeeary to
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" modlfy¥ Blightly the two oquations in whieh .- tho doforma-
.tion a% ono ond of 'tho combination bay s equatod to tho
doformation of the adjolning bay. On tho assumption
_'thnt the combination bay is the Mmth bay of tho doam, tho
mo¢1fiod egpatbons_nre, for a bay of type I, T

"lm-:l.xm-a = (‘Pm—:‘,"'Pm') xm.::_ + Q.mxm = —H‘m_lT + meT (50)

Qp¥n-y = (Po*Pnsa) Xp + Qpea¥pys = "m1T + W T (61)
nnd, for a bny of type II,

tpe1Xpes = (Pn_a*Pn) Xpy + ap¥y = ~vp ,* + vy T (62)
qum“ - (Pm +pm+:|.) x + q.m+]_x'm+1 L ".'wniT + wm+1T (53)

The difforcncos froo tho standard form consist in the
rpooaranco of tho term p' 1nstond of P 1n two places
and in tho ~mprearanco of two dletinct torns for the torque
warplng nt tho ocutboard ond nnd et tho 1nbomrd end of tho
coblination bay.

APPROXIMATE METHOD OF ANALYSIS

Crlculations on typical wing structurcs have shown
that tho bondling stroesoce duo to torsion nroc soldom moro
than sbout ono-tonth tho diroct bonding stresses. Conso-
quorntly, ar accuracy of 10 porcent 1n the calculatlon of
bending setrossos duc to torsion will givoe an acouracy of
nbout 1 porcont on tho total stressos, which 1B anplo for
stross nnalysis. In nost practical casce, thon, the eln-
plifiod mothod of snmlysie doecribod hore 1s sufficlontly
accurato; cascs 1n whick s moro accurato anslysls by the
goncral nothod is advieadblo can bo rocognlized by lnspoc-
tior., Roferonce may boc aado to tho soctlon ontitled
"Gonoral Considorations® for slgn convontilons snd other
prelinminerlos.

Approximete analysls of o box without cut-outg.- The
actual cross sectione of tha box (fig. 1) are transformed
into idoalizod sectlions (fig. 2) by the mothod discussed
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in thé appendix. ' The major discontinuitles 6f the oross-
sectional dimensions and of the torgueé loading are lo-
crted by inepeoction ,{wing root, looatidne.of wing engines,
locatlon of landing gear§ For any given digscontinuity,
the gquantities K, p, and w? are computed by the formulas

e

8 8G
£ = A% (B[t + oft,) (15)
G K b ) - @& ' ‘1
= —_—f 2+ L) = & 30
P " Zxam 16\ Ty tc> EA® ST
) ebc(;—'_'—_> (211)

wvhere T 18 the applied torqua and the superscript T 1in-
diocates that the wrrping w 18 crused. by the torque; the
moanlng of tho other nonstandard "symbols ls explalned dy
figure 2. - Two.vnlues of each of those quantities are cal-

“culanted: one; denoted by the subscript ¢, for the reglon

Just outboard of the discontinulty, r»nd one, denoted by the
subscript 1, for the region Just inboard of tho continu-~
ity. Tox a root section rigidly fixed, or for thko contral
plane of an symmotricnl box loanded aymmetrically (f1g. 8),

"the quantities p,; and wiT become gero.

Tho flange forces at tho diaoontinuity ArTo cqlcnlatod
by the formulsa

s 7 :

w - W . .

X = —2-;—-£- (64)
P, -+ Py :

from wvhich the flange ptresses follow as O - X/A. The
shoar stressos caused by tho discontinulty are calculated
by tho formulas

ﬁ
_ e XK
b .atb .
> : (66)
' xx -1 X
Ta =
S/ zt

To those shaar stressos cruséd by the discontinuity mugt
bo' nddod tha shear strossos caused by tho direct action of
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the torque, which-are given by the. bnsic formula for
shoells in torsion

T T

b=
2bet
b
(1)
Te = z
€ = 2bet,

Tho valuos of tho estrossos ¢ end T at n distance =x
from tlio dliscontinulty Prro obtalned by multiplying the
strossos zivon by formulas (64) and (65) by tho factor

e=XX, Tnig factor mny be used in the followlng manner to

indicate whether the novproximate method 1s sufficlently
accurnte 1in a glven crse.

The rpproximate method 1s bersed on the assumptlion
that the stresses cnused by a given discontinulty ~re neg-
1171ble rt the locatlon of the next discontinuity. 1If
an accuracy of 10 percent 1s consldered suffliclent as sug-
gested, tlhe approximnte theory 18 sufficlently accurate

when 'KP < 0.1, where g 1g8 the distance between two
successive discontinuities along the span. In practice,
the speclfled relative accuracy need be malntained only

for the meximum stresses. The eriterion e~f? < 0.1 need,
therefore, be met only for the reglon between the discon-

. t1hulty cnuslng the largest bending stresses due to tor-
slon (usunlly the root of the wing) and the nearost dils-—
continuity.

The flange forces X at the root of a wing with a
carry-through bay (fig. 9) are obtained from the equation

(? + %%) X = wl (66)

where d 18 the length of a carry-~-tkhrough member as de-
fined in figure 9 and A .18 1ts cross-sectionnl aren.

Approximnte analysle of s box with cut-out.~- Whon the
discontinulty belng investigested 1s the Junctlon between
A box regzlon nnd n reglon with m full-width cut-out (two-
eprr reglon), formulm (64) must be replaced by more com-
plicated foraulas contalning the propertles of the two-
spar reglon as well as the properties of both ad jolning
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--box.reglons. -Two.formulas are. necesasary,. one giving ihe

forces xo at the outboard end of the two-spar regilon,
the other one giving the forces X; at the inboard end of

the tvwo-spar region, The formulas are

-}
- 46 c ow D m Id L Ia°G
(Po + py + > X, wor + Wyt + pi bo | BboAz (F7)
' Ta Ta%c .
. + + =) X, = - T + wat - =q . 6
(Po Py ) 1 Yo vi Po 3¢ = ZboAl (68)

where 4 1s the length of the cut-out and A the area of
a corner flange 1n this reglon.

It may be noted that formulas (30') and (21') differ
by the factor G from the corresponding formulas (30)
and (21). The modified form given here is obtained by
eliminating the factor 1/G and replacing the factor 1/E
by G/E., This procedure 1ls permissible 1f it 1s applied to
each of the quantities p, p', q, and v, Decause the fao~
tor 1/G can be canceled on both sldes of the formula for
the flangs forces. The modifled form 1s more sultable for
numerlcal work than the orlglnal form.

NUMERICAL EXAMPLES

Theo numerical examples will be based on a box bean
with the followlng propertles:

bl inches [ ] [ ] [ ] . - L] [ ] [ ] [ ] L] L] L] L] [ ] [ ] L] L] [] L] L ] L ] 60
cp inOhGB [ - . L] . . . L] . - . L] L] L] [ . L] [] L) . L] 10
tb' inch L] L [ L] L] L[] L[] ] ] L] L] 's 3 L[] L] L[] L[] L[] L[] L[] o 01040

tc' inch L) L] . . . . L[] - . . ') . . . - [ . ') . . . 0.080
A, 8quAaro 1nches . . « o« « o 2 s o o o o o o« o s o 3,00

Total 1ength inches e @ e o ™ . . « @ ¢« = . e e o e 500
G/E L) L [ L] L] L] L] . - Y . . - . . - . .. - . ™ . . 0.585

A torque of 130,000 pound-inches is appllied 1n gll cases.
For examplos of boams with variable coross section, the
values of %4, %5, and A 1in the outboard half of the

‘! boam will be mssumod to be half as largo as the basic vale

uos Just given. In order to gimplify theo caleulatlion of
the gquantitios w, p, p', and g, tho factor 1/6¢ will al-
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ways be omitted, and the fagtor 1/E will be replaced by
GZE éa dlsgcungged in the -preceding geggipg.

Zxample 1.~ The box is built in at the root and has
only one bulkhead at the tip. No intermediate ridbs ex-
i1st. The %torque 1s applied at the tip. TFind the stressees
in the box, :

The entire box constitutes a single bay, because no
bulkheads or ribs exist except at tha tip, There is only
one unknown X, which acts at the root. T¥or a single un~
known, ths system of equations reduces to the single equa-
tlon

- Xpy = '"1T

The value of w,T 1s, by formula (21),

120000 60 - 10

T o - = 34,37
b 8 x 60 x 10 \0,040 _ 0.080 » 575
The value of p, 1a, br formula (23),
_ 300 x 0.385 | _ 1 60, 10 Y\ _ 13 g

Py 3 % 3.00 8 x 300 \0.040 = 0.080

The solution is

X, = %%ﬁgg = 2640 pounds

o .55%% = 847 pounds per squire inch

From the maxinum ?aiuo ét:tﬁe.root.-the flango strossos
decroeaso linearly to goro at tho tip.

. The basic ‘shear stresses caused by ‘the torque are, by
formula (1), . A T ‘

T e 120000 -
2 X 60 X 10 x 0,040

2600 pounds- per square inch

120000
2 X 60 x 10 x 0,080

1250 pounds per sguare inch

Te ©
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The shear stresses caused by-the X-force are; by formula

(s),

2540 '
R R - -
b 2 x 300 x 0,040 106 pounds per square inch

2540 '
Te ® 2x 300 x 0,080 53 pounds per square inch

The final chear stresses are therefore

2600 - 106 3394 pounds per square 1inch

Ty

T
(¢

1260 + 53 1303 pounds per square inch

Example 2.~ Taa tox 1s divided into four bays by dbulk-
heads, bu% no intermedlate ribs exlet. The torque 1s ap-~
plied at the tip. TFind the stresses in the box.

By formula (21),

w,? = w,T = wl = wyT = 34,375 (as in examplo 1)

By formula (23),

- 75%0,385 1 ( 60 L, 10\ - 5.91
8 x 3.00 8x75 \0.040 0.080

Py =Py =Py = P,

By formula (27),

75%0.%85 . _ 1 60 ,__10

- = 1.10
6 x 3.00 Bx75 \0.040 0.080 2

The system of equatlons for X 1s therefore:

- (5.91 + 5.91)X; + 1.102%X;

-34,375 + 34,376

1,102%, - (5.91 + 5.91)X5; + 1.102X, = -34,375 + 34,375

1,102X, - (5.91 + 5.21)X, + 1.103X, = -34,375 + 34,375
1.102X, - 5.91X, = -34,375
The solution of this system 1s

i, = 5 pounds
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X; = 52 pounds
X, = BE6 pounds
Xy = B920 pounds

The shear stresses in the root bay canused by the X-
forces are, by formulas (6) and (7),

5920 556
= o + = -~ 894 ound
™ 32 X 75 X 0,040 2 x 75 x 0,040 Equnr: inoh
5920 556
= — = 447 a
Te 2.Xx 75 x 0,080 2 x 75 x 0.080 §Z§fr§ EEZh

The final ghenr stresses in the root bay are therefore

= 2500 -~ 894 1506 pounds per square inch

Ty
Tc'= 1250 + 447

1697 pounds per square inch

Figure 12 shows graphlcally the spanwlse variation of
the flange forces for thls beam and for benms divided into
n=1, 2, and 3 bnys, as well as for a beam with many
bulkheads, which will be rnalyzed in the next example. It
may be noted that the flannge force at the root obtalned in
this example for a bdulkhend spaclng of 75 1lnches difiers
only by nbout 12 percent from the corresponding value for
the bocx with infinitely mnny bulkheads.

Bxample 3.~ The box has n tip bulkheed and many inter-
medinte ribs. Thoe torque 1s applied at the tip. Find the
stressos 1in tho box.

The ontire box 18 considered a single bay. Tho valuc
of w' 1g the same as in-the preceding examples. By for-
mula (15),

k® = 8% 0.385 _ p,000632
3 X 1625
therefore
K = 0.0251



I-362

33

By ‘férmula-(30); - - — S e
- 0.385 + 0.0261 x 1636 _ g 19
3 X 0.0251 X 3,00 16

and, by formula (22),

X

wl _ 34375
1 = p =

“B.11 = 6740 pounds

The spanwlse varlation of the X-force 1s calculated by for-
mula (13)

X = x. &2inh Kx
! ginph Ka

The shear stresses are obtalned by combining the shear
stresses caused by torque glven by formula (1) and the
shear stresses caused by X, given by formulas (16). TFig-

ure.ld® showe tho stresses 1n graphical form.

Exgmple 4.~ The box has end bulkheads and many inter-
mediate ribs. The torque 1s applied rt midspan. Find the
stresaes 1ln tho box.

By formula (21),

“1T = 0

w,T 34,375 (See example 1.)

From exemple 3,

X 0.0261

Ka 0.0251 x 150 = 3.76

By formula (24),

0.385 1 __3.76
= = )
® 2 x 0.0351 x 3.00 )0.999 (21.5)

P, =P

0.0251 x 1625 r 1 3.76 .
+ 5| = 5.11
16 | 0.999 (21.5)
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By formula (28),
0.385 1 .76 X.31.5
q1=q_a=— - + >
2 X 0,0251 x 3,00 21.5 (21.5)

4 0.0251 x 1625 [ 1 3.76 X 21.5] _  ,ag
16 21.5 (21.5)?

The system of equatlons obtalned by applylng the recurrence
formula 1s therefore

- (5.11 + 5.11)X, + 0.238%X; = -0 + 34,375

0.238X, - 5.11X, ~34,375 + O

-3510 pounds

The solution 1s X,

X 6560 pounds

3
Figure 14 shows the flnal stresses 1ln graphical form.

A comparison of figures 13 and 1% indlcates thet the
stresses at the root change very little when the spanwise
locatlon of the torque changes from the tip to mldspan.

The local stross poaks at the midspan torque are much lower
than the poaks causod at the root by the samo torque.

Exawples 5, 6, and 7,~- For the following threo oxamplos,

only the finsl results are shown in graphical form. It 1s
assumed ln all throe examples that there are many intermedl-
ato ribs.

Figuro 15 (example 5) shows the stresses in a box of
constant cross soction with many ribs, subjectoed to the
action of fivo equal torques ovenly spacod mnlong the span.
The sum o0f the fivo torquos 1s oqual to the torque of
120,000 pound-inches used in tho provious oxamples. Tho
stressos nt tho root 2ro noarly oqual to thoso calculatod
in oxamplos 3 and 4, showling again that tho root stressos
dopond chiofly on tho totml torquo at tho root and vory
l1ittlo on the dlstridution of thie torgqueo.

Figuro 15 (oxamplo 6) shows tho stressos in a box under
tip torquo when tho thicknoss %4, ~aAnd ¢, and tho flango
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. aron_, A in tho outboard half are roducod to one-half

thoir basic valuos. ~The "discontinuity in the dimensions
cauees local stress peaks,

Figure 17 (example 7) shows the streasses in the box
of the preceding example when the torque is applied at

- midspan.

Bxpmple 8.- The box of example 3 is attached to a
carry-through bay (fig. 9); the length of this bay is
d = 30 inches, +the cross-gectlonal nrea of each membdber
in it is A = 3.00 square inches. Find the X-force at
the root.

From example 3,

p = 5.11
wl = 34,375
q=20
By formule (40),
30 x 0.385
p' = 5.11 + 500 = 8,96

By Yoramula (39),
-8.96X; = -34,375

X, = 3840 pounds

Comparison with example 3 shows that the presence'of the
carry—-through bay reduces the maximum flange forecs by
about 40 percent.

Exgmple 9.~ The box of example ¥ has the top cover
and the bottom cover removed over the region from x = 150
to x = 180 inches from the tip. Find tke X-forces along
tho span.

Tho two-spar rogion will bo combined with tho region
betwoon 1t And the root to form a combination bay of type
I. 3y formulns (24) and (28),

PJ_ = 5.11 Q, = 0.224
_py = B.06 qg = 0.502
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By formula (40),
p,' = 8.91

By formulas (49) and {50),

w, = 34,375 + 30,350 + 11,540 = 76,265
o}

Ya, 34,375 + 3,010 = 37,385
By formulas (60) and (61),
~(5.11 + 8.91)X, + 0.502X; = -34,375 + 76,265

0.605%X, - 5.10X; = -37,385

The eclution of these equatlons 1s

X, ~2735 pounds

X3 7120 pounds

The X-~force at the Junctlon between the twc-spar part
and the box pert of the comblnation bay 1s obtalned frocm
formula (41) after multiplying through by A:

x = 20 X 120000 _ 5435 - 3265 pounds

60 x 10

The spenwise distribution of the X-force 1s eshown in figure
18. :

Exgmple 10.- Solution of example 9 by the approximsate
method.

By fornula (15), as in exnmple 3,
K = 0.0251
By formula (30%),

p = 0.385 + 0.0251 60 + 10 = 5.11
2 X 0,0351 x 3,00 16 0.040 0.C80
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By fornula (211),

w—r -

4T = 120000 ( 60 _ _10Y\ _ 54,375
8 X 60 x 10 \0.040 0.080

Furthermore,

_d& - 30 x 0,386 = 3.86
AT 3.00
Id . 120000 X 30 _ 000
bo 60 x 10
Ta
=& _ =
1 I 0,560
2
2878 . 11,s50
2bcAz

At the root, by formula (64), with py = 0

~-5.11%¥ = -34,375

X

6725 pounds

At the outboard end of the two-spar region, by formula (867),

- (6.11+5,11+3.85)X, = -54,375 + 34,375 + 30,660 + 11,550

X, = -3000 pounds

S8imilarly at the inboard end, by formula (68),

Xy = 3000 pounds

In this particular caso, Xj 1is odual to X, bYecause the

box inboard of the two-epar region has the same dimenslons
and the same torque loading as the box outboard of the two~
spar reglon.

At a statlion 50 inches from the root, tho valuce of X
18 reduced by the factor e—EX:

Xgo = 6725671856 = 1915 pounds
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At the same station, there 1s a contridbution frem Xy.
" The distance from X; equels 70 inches; therefore,

Xgo = 300007 2°757 = 518 pounds

The total force at this station 1s, therefore,

Xgo = 1915 + 518 = 2433 pounds

The values of X obtslinnd by the approximate method are
shown a8 clrcles 1n filgure 13.

Langley liomorial Asronautical Laboratory,
¥ational Adviecry Conmrittee for Aeronsutics,
Lepngley FPield, Va,

APPEJDIX
TRAYSFORMATION OF ACTUAL BEAM SECTIONS INTO

IDEALIZED SiZCTIOFS

If the web of a plate girder 1s mssumed to furnish no
contribuslion to the bending strength of the glrder, the
sectlion modulus of the glrder is glven by the oxprossion
hAp, where Ap 18 the cross-sectlonal area c¢f a flange.

The section modulus of the wobd actlng alone 1ls glvon by

the oxprosslon lhat. The soctlon modulus of the ontirc

6
girdor 1s

Z = h(AF + %ht)

The ercturl girdor may thcecreforo be roplaced for tho purpose
of computing oxtromo flbor sirosses by a fletltlous girdor
having a web carrying oanly shoesr stressos and A flango hav-

ing an aroa oqual to (AF + %ht). This substltution 1is os-

poclslly usoful whon four girdors arc combinod to form a

box, bconuso tho condltion of continulty of streessos along

tho odgos 1s thon automatically fulfillod. Tho filctitlous
1 1

flango aroa bocomos, for thls case, A4p + Ebtb + ECto'
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¥hon longltudinal stringers aro rivoted to tha wob,

tho samo subetitution may be used if ht 1s understood to
mean tho oross—sectlonal area of all materipgl offootivo

in bonding, oxoluslvoe of the concentratod flanges thom-
solvos. Oare must bo taken, however, to use reduced areas
where the stringers are interrupted by cut-outs.

The thicknees of the filctitious wed capable of carry-

ing cnly eshear streeses may be made equal to the actual
thickness of the web. This method 1s approximate, but 1%
e gsufflclently accurate in most oases. When the wed forms
diagonal-tenslon fields, an nppropriate ocorrection must be
made to the shear modulus.
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X-forco, 1b

Figuro 18.~ X-forcos in box with cut-outy torquo appliod at tip. Ex-
armplos 92 and 10,
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